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Arguments and representative examples are given that suggest that exact energy conservation 
and Galilei invariance are incompatible in non-relativistic guiding-center mechanics. Provided 
that this is true in general it also follows that exact energy conservation and Lorentz invariance 
are incompatible in relativistic guiding-center mechanics. It would furthermore follow that every 
guiding-center mechanics with exact energy conservation is a non-unique theory owing to the 
principle of relativity. The paper also presents a Galilei invariant guiding-center mechanics that 
does not conserve energy. 

1. Introduction 

The principle of relativity states that the laws of 
physics are the same in all inertial reference f r ames 
(IF) when expressed by the physical quant i t ies 
defined relative to the IF considered. Hence, those 
fundamental equations of physics that only contain 
observable quanti t ies and are to be unique must be 
form-invariant (henceforth simply called " invar i -
ant") with respect to an appropr ia te g roup of trans-
formations that relate the quanti t ies of one IF with 
those of another (e.g. Lorentz group, Gali lei group) . 
The principle of relativity holds independent ly of the 
existence of such a t ransformat ion group that would 
leave the equations under considerat ion form- in-
variant. Hence, if physical equat ions are given that 
are not so invariant they represent a non-unique 
theory with infinitely many branches of equal 
validity (see Section 2). Actually, this very s i tuat ion 
prevails in much of "non-relat ivist ic" p lasma theory 
(see Section 2). This is usually not m a d e very 
apparent because a change of the IF is se ldom con-
sidered and rarely necessary. However, in the con-
text of this paper this point has its explicit im-
portance. 

Recently, traditional non-relativistic guiding-
center mechanics [1] has been greatly improved by 
the establishment of modif ied theories that are, in a 
specific sense, "consistent" [2, 3, 8], This te rm is 
used to express that these theories possess exact 
energy theorems (in t ime- independent fields) and 
exact Liouville theorems. However, these theories, 
as well as traditional guiding-center mechanics , are 
not Galilei invariant. Even though these "consis tent" 
theories can be derived f rom the particle Hamil-

tonian [2] or the particle Lagrangian [8] Gali lei in-
variance is lost in the course of the approx imat ions 
used. It has been suggested [3] that "structural 
reasons" will in fact prevent any of the "consistent" 
versions of non-relativistic guiding-center mechan-
ics f rom being Galilei invariant. This paper is to 
corroborate this conjecture by representative ex-
amples and physical arguments (Sects. 3 and 4). 
Specifically, Sect. 3 presents a representat ive, 
Galilei invariant guiding-center mechanics that 
does not conserve energy in general t ime-inde-
pendent fields. The general incompatibi l i ty of 
energy conservation and Galilei invariance in 
guiding-center mechanics is just i f ied and analysed 
in Section 4. It may be added that the relativistic 
guiding-center mechanics by Morozov and Solov'ev 
[7] conserves energy in t ime- independent fields, but 
lacks Lorentz invariance, as we would expect. T h e 
same is true for the consistent relativistic guiding 
center theory of [9] that conserves energy and phase 
space volume at the same time. 

2. Non-invariant Physical Theories 

Different theories result when the same set of 
dynamic equat ions is combined with various trans-
formation groups that are to effect transition to the 
other IFs. If the equat ions are non-invariant with 
respect to one such t ransformat ion group then the 
principle of relativity will provide that the resulting 
theory is a non-unique one. Such a non-uniqueness 
cannot always be avoided or amended . In fact, many 
well-established theories exist in physics that have 
this non-uniqueness property (see the examples 
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below). In order for such a theory to be physically 
relevant its "dispersion by non-uniqueness" ought to 
be sufficiently small in the IFs used. Of course, this 
non-uniqueness dispersion is related to the approxi-
mation error committed when the non-unique 
theory is derived from a more exact and more 
fundamental theory that is unique and invariant. 
These and other points are best clarified by a 
simple example taken from particle dynamics. 

The example taken is non-relativistic mechanics 
(NRM) of particles, visualized as an approximat ion 
to relativistic mechanics (RM). The usual equations 
of N R M approximately hold, for a given mechanical 
system, in a restricted class of IFs in which the 
particle speeds are small compared with c. The 
equations of N R M are, of course, not Lorentz in-
variant. One may, for a moment, imagine that their 
Galiei invariance was absent or unknown. One 
would then argue that an approximation applied to 
the dynamical equations (of RM) does not by itself 
alter the transformation properties of the physical 
observables. Hence, one would extend the non-
relativistic equations of motion to all other IFs by 
applying the Lorentz transformation group to all 
occurring quantities. The resulting new equations 
would explicitly depend on the transformation 
velocity V. On the other hand, the principle of 
relativity provides that, e.g. the equations of N R M 
in their usual form (expressed in quantities appro-
priate to the IF considered) must be applicable in 
every IF of the restricted class mentioned. This 
creates a 3 parametric family of branches of the 
theory that possess equal validity. 

Of course, the alternative procedure of employing 
the Galilei transformation group exists. The resulting 
theory is invariant and unique, as is well known. 
Yet, application of the Galilei transformations is 
limited to V<^c, while the above Lorentz trans-
formations admitted all values V<c for the trans-
formation velocity. Thus, the choice between the 
two ways of proceeding may sometimes be a matter 
of taste. Examples of the first kind are offered by 
several "non-relativistic" plasma theories that 
consist of some form of N R M together with thq full 
set of unabridged Maxwell's equations (see. e.g. ref. 
[4]). The combined set of equations is neither 
Lorentz invariant nor Galilei invariant. Hence, they 
form a non-unique theory in the sense defined 
above. Other non-unique theories are given by the 
auidins-center theories mentioned in Section 1. 

3. A Galilei Invariant Guiding-center Mechanics 
Lacking Energy Conservation 

Be {JC, p, v ] the coordinates of 5-dimension 
guiding-center (G.C.) phase space, with x the G.C. 
position in ordinary space, p the magnetic moment, 
and i the component of G.C. velocity parallel to B 
[3]. We use the Galilei transformation, with the 
transformation velocity V, in its usual form. viz. 

x' = x - Vt, t' = t , 

v' = v — V, v = x. 

v' = i', 

P' = P , 

B =B. 

E'=E + —VxB. 
c 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

with E and B being the electromagnetic fields. The 
Lorentz force, viz. 

K\ =eE + -vxB. (3.7) 

is seen to be Galilei invariant. From v = v • b, 
b = B/B. it follows that 

V = V V db/dt . (3.8) 

The dot in (3.3) and (3.8) indicates the ordinary 
time derivative, which is equivalent to the total 
time derivative in phase space, viz. 

d 

~dt 
= — + ! • • V + V 

0/ 0r 
(3.9) 

dp 

with p = 0 henceforth. The V operation is, of course, 
performed with p and v kept constant. It follows 
that 

0 0 „ „ / 0Z> \ 0 
= — + V v + \v — 

0/' 0/ \ dr dV 

= — + v v + 
0/ 

(3.10) 

— + F - V | b 
0r 

V' =V + Vb- V 

d/dr' = d/dr 

d/d r = d/dt 

dr 
(3.11) 

(3.12) 

(3.13) 

In (3.11) the vector notation of [5] is used. i.e. V 
operates on b only. Considering the fields it turns 



out that the homogeneous Maxwell equations, viz. 

ÖÄ/a/ = - c V x E , 

V B = 0 , 

(3.14) 

(3.14a) 

are Galilei invariant while the inhomogeneous 
Maxwell equations, which are not needed in a G.C. 
mechanics — as opposed to a self consistent G.C. 
kinetic theory - are not Galilei invariant (see 
Appendix A). The Galilei transforms of the fields, 
e.g. (3.5) and (3.6), deviate from the Lorentz trans-
forms by terms of the relative magnitude 
{0(V2/c2) +0{VE/cB)), i.e. the relative deviation 
is not simply 0(V2/c2). This is not specific to the 
field transforms; the coordinate transforms (includ-
ing time) exhibit a similar behavior. Of the two 
relativistic invariants only E B is Galilei invariant, 
whereas (B2 — E2) is not. 

In order to construct a Galilei invariant guiding-
center mechanics we start by putting 

v = v b + V] 

whence 

/'• = v b + v {üb/dt) + ( d r D / d / ) , 

(3.15) 

(3.16) 

with r D a drift velocity to be determined. In what 
follows, drift scaling in e = r%/L is used (see 
Appendix A of [3]), where /-g is the gyro-radius and 
L a characteristic macroscopic length. It follows that 
/•D= O(c). In order for v to be Galilei covariant and 
for t'D to agree to order e with conventional theory 
[1, 3] we put 

''D = l'E + 4'VB + l'x 

where 

l'E =1 — 1 Exb. 

B = bxVB , 
e B 

1 - d, , 
i ' x l = — b x — V\ = i \ + 0 ( £ 2 ) , 
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with Q = e B / m c , and the definitions 

i'\ = v b + i'F + v VB 

d, a a 
d t 81 dv 

(3.17) 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

(3.22) 

and i'x the usual curvature drift [1, 3], It is seen that 
i-D and i'E satisfy (3.2), while b and i \ \ transform 

like velocity increments, i.e. they are Galilei in-
variant. The resulting i\ as defined by (3.15) to 
(3.22), can also be written in the form 

v = v H b x — v i . 
Q d/ 

(3.15a) 

An expression for v is also needed. In order for it to 
satisfy (3.8) and agree to leading order in £ with 
traditional theory [1, 3] we put 

v =b- — E- — — . (3.23) 
\ m m j d t 

Finally, a Galilei covariant expression for the 
kinetic energy is 

Wk = T v 2 + MB, 

whence 

Wv = m v • v + n (dB/dt). 

(3.24) 

(3.25) 

In order to obtain the desired energy equation, or 
"power balance equat ion" [3], in terms of the fields 
and derivatives the r.h.s. of (3.25) must be trans-
formed with the aid of 

m d , 
m v • v = m v v + — — (rß) 

2 d/ 
(3.26) 

and (3.23) and (3.7). After that, by specializing to 
time-independent fields, we will investigate whether 
an energy theorem exists. 

A straight-forward calculation brings (3.25) to the 
form 

dB m d , 
WK=eE-v + fi — + — — (v&) 

dt 2 dt 
+ m v v • db/dt 
- v x r ( e E - p V B ) . (3.27) 

An alternative form of the last term of the r.h.s. of 
(3.27) is 

d, 
- ' ' D - — «'I • dt 

The calculation uses the identity 

v0-(eE-tiVB) = 0, 

with the definition 

''o = ''E + ''VB -

(3.27 a) 

(3.28) 

(3.29) 



In time-independent fields (d/dt = 0) (3.27) reduces 
to 

_d 
dt 

WK = -r\-e<P+ — vZ) 
m 
T 

+ m v v - Vb- v 

+ i\i • V ( e 0 +pB), (3.30) 

where the vector notation of [5] is used. i.e. the V 
operator in the first term of the second line only 
operates on b. The quantity <t> is the electric 
potential, i.e. E = - V&. 

In special t ime-independent field configurations, 
e.g. with V b = 0, vyA = 0, r D = r 0 , an energy theo-
rem results, viz. 

IV = WK + e (t> - — v o = const (3.31) 

along G.C. orbits. An energy theorem does not exist 
for general t ime-independent fields. The reason is 
the following. The second line of (3.30) cannot, for 
general t ime-independent fields, be transformed 
into a total time derivative of a function ^(JC, v ), 
i.e. independent of /. To be sure, t ransformation into 
a total time derivative of a function C(t,x,ju,r ) 
would be formally possible be employing the formal 
solutions of the equations of motion. But in order to 
construct a first integral of the form 

W = Wy + V(x, yU, r ) = const (3.31a) 

along G.C. orbits the functions Wy, V, and V may 
not explicitly depend on t (except for t dependences 
that would cancel in IV, to yield dlV/dt = 0). Two 
independent, informal non-existence proofs for the 
energy integral are carried through in Appendix B. 
It is seen that this result does not depend on the 
exact definition employed for W\ [Eq. (3.24)], as 
long as a Galilei covariant definit ion is chosen. 

Summarizing this section, we have presented a 
Galilei invariant G.C. mechanics that does not, 
however, conserve energy in general t ime-inde-
pendent fields. The analysis of Sect. 4 makes it 
probable that Galilei invariance and energy conser-
vation are in fact incompatible in G.C. mechanics. 

4. Incompatibility of Energy Conservation and 
Galilei Invariance in Guiding-center Mechanics 

This section exemplifies the conjecture that 
energy conservation and Galilei invariance are in-
compatible in non-relativistic guiding-center 

mechanics, except for specialized field configura-
tions. We define the kinetic energy Wy and the 
energy equation (i.e. for lVk) such that the two 
expressions agree to leading order in e with other 
non-relativistic guiding center theories [1, 2, 3, 8], 
drift ordering [3] presupposed, and such that energy 
is conserved in t ime-independent fields. The re-
quirement of Galilei invariance then leads to a set 
of generalized G.C. equations of motion that are in 
conflict with the use of a G.C. drift velocity for 
general field configurations. This discrepancy is 
further discussed and interpreted as incompatibili ty 
between energy conservation and Galilei invariance 
in the case of G.C. mechanics. 

We use again the Galilei-covariant definit ion 

Wk = \m v2 + pB 

whence (remember p = 0): 

. _ d r dB 
Wi = mv — + p — 

(4.1) 

(4.2) 

We require the energy equation to read (see 
Appendix B of [3]). 

W^ = eE- r + p(dB/dt). (4.3) 

In time-independent fields this yields exact conserva-
tion of energy, viz. 

Wv + e 0 = const , (4.4) 

with V <£ = - £ . Comparison of (4.2) and (4.3) 
yields (for arbitrary fields): 

v • (eE — pV B — m (dv/dt)) = 0 (4.5) 

Comparing the Galilei transforms of (4.2) and (4.3) 
furnishes the conditions 

dr e „ p ^ 
— = — E- — V5 + <'xfl, 
dt m m 

(4.6) 

which are nothing else than the G. C. equations of 
motion required by the above definitions and Galilei 
invariance. Of course. Q = {e/mc)B. These equa-
tions have an unusual, generalized form because 
they contain the full acceleration vector dv/dt. 
Equation (4.6) implies (4.5). Up to now the above 
theory is Galilei invariant and, at the same time, 
conserves energy in t ime-independent fields. It may 
be derived from a Lagrangian, viz. 



which is a modified particle Lagrangian that 
depends on the independent variables /, x, x, 
while // is merely a parameter. However, it is not an 
ordinary G.C. mechanics because v does not have 
the form 

v = v b + r D (/, x. n, v ) , (4.7) 

with the drift velocity a given function of its 
arguments. Rather v must be determined by in-
tegrating (4.6) and introducing initial conditions. 
The gyro-motion of the guiding center is not yet 
eliminated here. 

Before discussing the approximation of v ± by a 
drift velocity t'D let us further consider (4.6). An 
equation for v ? can be derived from it, viz. 

e ju dB db 
m m os dt 

which is formally identical to (3.23). The perpen-
dicular components of (4.6) can be rewritten to read 

1 - dt' 
v± = i<o + - b x - — , (4.9) 

Q dt 

with t'o defined by (3.29). This is equivalent with 
the following equation for v: 

V=Vx + t v , (4.10) 

with given by (3.21) and r defined by 

1 - d 
T = — b x — . (4.11) 

Q dt K ' 
The operator r contains v [see (3.9)]; hence (4.10) is 
a non-linear partial D. Eq. for v. The guiding-center 
velocity v of (3.15 a) does not usually satisfy (4.10). 

The only known method for solving (4.6), (4.10), 
or (4.11) by means of a drift velocity r D [cf. (4.7)] is 
by expanding the equations in terms of the small 
parameter e = rg/L and truncating the resulting 
series. Galilei invariance will so be lost because 
(4.6), which is the condition for (4.3) to be Galilei 
invariant, will then only approximately be satisfied, 
except for specialized field configurations for which 
the higher-order terms in e vanish identically. 

The manner in which violation of Galilei in-
variance comes about in the above analysis makes it 
probable that this defect will exist for any "con-
sistent" version of G.C. mechanics. Specifically, 
Galilei invariance of any energy equation that 
would guarantee energy conservation in time-in-
dependent fields hinges on exactly satisfying the 

resulting equations of motion: for these represent the 
very conditions of Galilei invariance of the energy 
equation. However, any such resulting equations of 
motion can be expected to contradict the use of a 
G.C. drift velocity when general field configurations 
are admitted. 

Provided that energy conservation and uniqueness 
by Galilei invariance are generally incompatible in 
G.C. theories, which of the two symmetries should 
be preferred? It appears to us that conservation of 
energy is more important for the following reasons. 
When the "dispersion by non-uniqueness" is not 
larger than the approximation error incurred in 
deriving a theory, then a non-unique theory is no 
worse than a unique one. Furthermore, a preferred 
IF is defined by boundary conditions in many 
problems, and a change of IFs is often not required. 
On the other hand, energy is of practical importance 
as a first integral (in t ime-independent fields) when 
considering orbits as well as when doing kinetic 
theory (see [3]). We therefore recommend the use of 
"consistent" guiding-center theories, as given in 
[2, 3], even though they lack Galilei invariance and, 
hence, uniqueness. 

5. Conclusion 

We have given arguments why energy conser-
vation and Galilei invariance can be expected to be 
generally incompatible in non-relativistic guiding-
center mechanics. It turns out that Galilei in-
variance of the G.C. energy equation requires 
validity of a set of generalized G.C. equations of 
motion that are generally in conflict with the use of 
a G.C. drift velocity (Section 4). Energy conserving 
types of G.C. mechanics are therefore non-unique 
theories in the sense explained in Sects. 1 and 2. In 
addition, a Galilei invariant, energy non-conserving 
version of G.C. mechanics has been given in Sec-
tion 3. From the above it may be inferred that 
energy conservation and Lorentz invariance will be 
equally incompatible in any relativistic G.C. 
mechanics. The "consistent" types of G.C. mechan-
ics, as given in [2, 3, 8, 9], are preferable over any 
Galilei invariant (or Lorentz invariant, respectively) 
versions in practice as is discussed in Section 4. 
Independently of that, a self-consistent, Galilei in-
variant, kinetic G. C. theory does not exist because 
the inhomogeneous Maxwell equations are not 
Galilei invariant (see Appendix A). 
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Appendix A. Lacking Galilei Invariance of the 
Inhomogeneous Maxwell Equations 

We assume that charge density q and electric 
current density j are created by nonrelativistic fluids 
of charged particles. Hence these quanti t ies Galilei 
transform thus: 

<?' = 9 , (A.1) 

j ' = j - Q V , (A.2) 

where V is again the t ransformat ion velocity. The 
equation of continuity is Galilei invariant, viz. 

( 0 0 / 9 / + V • j)' = 0G/0/ + V • j. (A.3) 

According to (3.5) and (3.6) the inhomogeneous 
Maxwell equations Galilei t ransform in the follow-
ing way. The Poisson equat ion t ransforms as 

(V • E - 4 n q y - ( V • E-Atiq) 

= -—V-(VxB). (A.4) 
c 

Hence, the Poisson equat ion is generally not Gali lei 
invariant. Similarly, Ampere ' s law shows non-in-
variance, viz. 

(dE/dt -cVxB + 4 n j ) ' - (dE/dt - c V xB + 4nj) 

= V-{\E- l ( V - £ ) - ( l / c ) V f i x V} 

— F x (V x ZT), (A.5) 

where 1 is the unit dyad, and the vector notat ion of 
[5] is used again. In part icular the opera tor V only 
operates on B in the expression VBx V. This com-
pletes the proof of lacking Galilei invariance of the 
inhomogeneous Maxwell equations. 

again for t ime-independent fields. Here the vector 
notation of [5] is used (see Sect. 3 above) , the V 
operator operates on x with p and v kept constant, 
and i \ | is given by (3.20). In order to show that fVk2 

cannot be expressed, for general t ime- independent 
fields, as a total t ime derivative in the way ex-
plained in Sect. 3 ("non-integrabil i ty") one first 
notes that it would suffice to show this impossibil i ty 
for one special t ime-independent field conf igurat ion 
and one particular point {JC, p, n } in phase space. If 
Wk2 was "integrable" it would have the form 

lVk2= r-V<P+ i- , ( e y / a r , ) , (B.2) 

with Vf substituted by the r.h.s. of (3.23), and 
^(x, p, v ||) being a potential funct ion def ined in 
phase space. It can be demonstrated in several ways 
that (B. 1) cannot assume the form of (B.2) in the 
general, t ime-independent case. 

To give a first, informal proof, consider a field 
with V/> = 0, i\\ 4= 0 at {at0, p, r«}, i.e. with x = JC0 

fixed, but p and v arbitrary. Then the first term on 
the r.h.s. of (B.l) vanishes and it suffices to consider 
the second term. This term does not contain E , 
hence the term v dV/dv, in (B.2) must not con-
tribute, and dV/dv = 0 at {x0, p , v\\} is necessary. 
On the other hand, it is not possible to express the 
second term as r • V Firstly, it has the form 
vx\ • V ^ a n d , generally, one has i \ \ 4= v even though 
V/> = 0 at x = Xq. Fur ther inspection shows that no 
other possibility exists to transform the second term 
to the form c - V f . 

An alternative informal proof is the following. Be 
the magnetic field B chosen such that b • curl b = 0. 
It follows that orthogonal surfaces exist for the field 
of B lines [6]. Choose E = - V <t> and p = p0 such 
that 

V 1 ( e 0 +p0B) = 0 (B.3) 

for p = p0, all JC and v . but 

V(e$ + p0B)* 0 . (B.4) 

Appendix B. Non-Integrability of Equation (3.30) 

The first line of (3.30) is a total t ime derivative 
(in t ime-independent fields). The second line is 
given by 

iVk2 = nu i - V b v + r x l - V (e0 + p B) , (B.l) 

This means that the function (e(P + p0B) is constant 
on the orthogonal surfaces ment ioned above. Then 
the following relations hold for p = p0: 

v o=0. vl = v b, d ] /d / = t'ii 6 / 0 5 , 



^ = v . S 7 b = v + * x I . V * \ (B.6) 
dt es 

For the second term of the r.h.s. of (B. 1) 
vanishes, and 

lVk2 = mv, \v VÄ- v. (B.7) 

Again, this expression does not contain E and, 
hence, S¥Vön = 0 for p = in (B.2). It is easy to 
see that the r.h.s. of (B.3) does not have the fo rm 
v • VV. If it had this would imply tha t ei ther 

mv V b i' = (B.8) 

or 

m v v Vb = V ( B . 9 ) 

would have to hold. Here the velocity t is explicitly 
given by -

vi - ob 
r = r b + -bx—~ (B.10) 

Q os 

at Taking into account that d*P\/dv | = 
ö ^ / ö r • = 0 at n = po it is clear that the two sides of 
(B.8) cannot have the same dependence on Vf,. T h e 
same is true for (B.9). Hence, (B.8) a n d / o r (B.9) 
cannot be satisfied at p = To pe r fo rm this 
second proof it would, of course, have been suff i -
cient to consider only a ne ighborhood of x = x0 in 
position space instead of all x. This comple tes the 
proof of the proposi t ion that (3.30) does not have 
the form of a total t ime-der ivat ive in the way 
specified in Sect. 3 and, hence, does not yield an 
energy theorem. 
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